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Abstract
We use the space (ω1, τ ( C)) associated with a guessing sequence C on ω1 to show that it is
consistent with CH that there exists a locally countable, first-countable, locally compact, perfectly
normal, non-realcompact space of size ℵ1 which does not contain any sub-Ostaszewski spaces. By a
similar technique, it is shown to be consistent with MA +¬CH that there exists a locally countable,
first-countable, perfectly normal, non-realcompact space of size ℵ1.
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0. Introduction
We are motivated by the following question, which has been open since it was asked by
Blair as early as 1962.
Question 1. (Blair.) Does there always exist a perfectly normal, non-realcompact space
under ZFC?
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have been constructed. The easiest one is the discrete space of size bigger than or equal to
the first measurable cardinal. In [1], Ostaszewski built another example assuming ♣, which
is a guessing principle proposed in the same paper. Since MA+¬CH refutes ♣, it was con-
jectured that MA +¬CH implies that there is no perfectly normal, non-realcompact space
of size ℵ1. This conjecture was negatively solved by Hernández-Hernández and the author
in [2]. However, their space does not satisfy nice properties satisfied by Ostaszewski’s ex-
ample, such as first-countability and local compactness. Thus we may wonder if there is
a perfectly normal, non-realcompact space with these properties which is essentially dif-
ferent from Ostaszewski’s example. This is the question that will be investigated in this
paper.
Eklof, Mekler, and Shelah defined a topology τ( C) on ω1 associated with a guessing
sequence C on ω1. This topology was effectively used in [2]. We shall first give a closer
look at the relationship between the combinatorial properties of C and the topological
properties of (ω1, τ ( C)). As a result, simple combinatorial properties of C are shown to
correspond to the regularity, first-countability, and local compactness of (ω1, τ ( C)).
By using this relationship, we shall prove that
(i) it is consistent with CH that there exists a locally countable, first-countable, locally
compact, perfectly normal, non-realcompact space of size ℵ1 which does not contain
any sub-Ostaszewski spaces, and
(ii) it is consistent with MA + 2ℵ0 = ℵ2 that there exists a locally countable, first-
countable, perfectly normal, non-realcompact space of size ℵ1.
The proofs of these results use the same idea as in [2]. Nonetheless, when (ω1, τ ( C)) is
first-countable, each Cγ has an unbounded set of successor ordinals as elements, and hence
C cannot be a club guessing sequence, which was essential in the proof of Hernández-
Hernández and the author. Instead, we shall force perfect normality of (ω1, τ ( C)) directly.
In case of (ii), careful investigation of the resulting model reveals that the desired properties
of (ω1, τ ( C)) are preserved by the standard poset to force MA + 2ℵ0 = ℵ2.
Balogh proved in [3] that MA+¬CH implies that every locally countable, locally com-
pact, perfectly normal space of size ℵ1 is realcompact. Thus it is impossible to require local
compactness to the witness of (ii). This is interesting when we see how similar the proofs
of (i) and (ii) are.
Since we know that MA + ¬CH is not strong enough to kill all perfectly normal, non-
realcompact spaces, we may ask if a stronger forcing axiom can kill such spaces. Although
we have not solved this question yet, we shall prove a partial result that PFA implies that
(ω1, τ ( C)) is not perfectly normal and non-realcompact when each Cγ is closed in the
order topology. We do not know if it is consistent with PFA that (ω1, τ ( C)) can be perfectly
normal and non-realcompact when Cγ does not have to be closed.
In the final section of this paper, we prove the consistency of the existence of a regular,
Hausdorff, non-D-space X such that for every closed subspace Y of X, e(Y ) = L(Y ).
Again, X is of the form (ω1, τ ( C)). It may exemplify how useful our construction is.
The structure of this paper is as follows. In Section 1, we go over the basic definitions
and give a combinatorial condition of C which is equivalent to the regularity of (ω1, τ ( C)).
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and the first-countability and local compactness of (ω1, τ ( C)). These characterizations are
used in later sections.
In Section 3, we construct a first-countable, locally countable, locally compact, perfectly
normal, non-realcompact space of size ℵ1. The strategy is the same as the one in [2].
However, if (ω1, τ ( C)) is first-countable, by the result in Section 2, C is not a club guessing
sequence. Thus instead of relying on the club guessing property, we need to directly deal
with perfect normality.
In Section 4, we show that it is consistent with MA + 2ℵ0 = ℵ2 that there exists a
first-countable, locally countable, perfectly normal, non-realcompact space of size ℵ1. It
answers the following question asked in [2]: is there a first-countable, perfectly normal,
non-realcompact space under MA + ¬CH?
In Section 5, we prove that PFA implies that (ω1, τ ( C)) is not a perfectly normal, non-
realcompact space when each Cγ is closed in the order topology. This result gives a positive
prospect to the conjecture that PFA implies that every perfectly normal space of size ℵ1 is
realcompact.
In Section 6, we shall show the consistency that there exists a regular, Hausdorff, non-
D-space X such that for every closed subspace Y of X, e(Y ) = L(Y ). We again construct
a guessing sequence C such that (ω1, τ ( C)) has these properties.
1. Definition and basic facts
Most of our notations are standard. Lim stands for the class of all limit ordinals. When X
and Y are sets of ordinals, we say that X is almost contained in Y and denote X ⊆∗ Y if and
only if there exists a ζ < supX such that X \ ζ ⊆ Y . We also say that X and Y are almost
equal, denoted by X =∗ Y , if and only if X ⊆∗ Y and Y ⊆∗ X. We use interval notations
of ordinals. For example, (ζ, δ] means {γ : ζ < γ  δ}.  denotes the well-ordering on the
universe of a structure.
Realcompactness was introduced by Hewitt and Nachbin. There are several equivalent
definitions of this property. We shall use the following one throughout this paper.
Definition 1.1. Let X be a topological space. We say that a subset Y of X is a zero-set if
and only if there exists a real-valued continuous function f on X such that Y = f←{0}.
A z-filter is a filter consisting of zero-sets. A maximal z-filter is called a z-ultrafilter.
We say that a filter F is fixed if and only if there is a singleton belonging to F . Other-
wise, F is said to be free.
We say that X is realcompact if and only if every z-ultrafilter with countable intersection
property is fixed.
We shall define guessing sequences on ω1, which are repeatedly used in this paper.
Definition 1.2. We say that a sequence 〈Cγ : γ ∈ ω1 ∩ Lim〉 is a guessing sequence on ω1
if and only if each Cγ is an unbounded subset of γ .
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topology τ( C) associated with a guessing sequence C. This topology was exploited by
Hernández-Hernández and the author in [2]. The following definition is slightly different
but equivalent to the original version.
Definition 1.3. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence on ω1. The topology
τ( C) associated with C is defined by: Y is τ( C)-open if and only if for every γ ∈ Y ∩Lim,
Cγ ⊆∗ Y .
It is easy to see that (ω1, τ ( C)) is Hausdorff. Moreover, for every γ < ω1, γ + 1 is a
τ( C)-closed set and γ is a τ( C)-open set. Thus every uncountable subspace of (ω1, τ ( C))
is not separable. In particular, since every sub-Ostaszewski space is hereditarily separable,
(ω1, τ ( C)) does not contain any sub-Ostaszewski spaces.
There is an easy equivalent condition for a subset of ω1 to be τ( C)-closed.
Lemma 1.4. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence on ω1. For every subset
F of ω1, F is τ( C)-closed if and only if for every γ ∈ ω1 ∩ Lim, whenever Cγ ∩ F is
unbounded in γ , we have γ ∈ F .
Proof. For every subset F of ω1,
F is τ( C)-closed
⇐⇒ ω1 \ F is τ( C)-open
⇐⇒ ∀γ ∈ (ω1 \ F)∩ Lim (Cγ ⊆∗ ω1 \ F)
⇐⇒ ∀γ ∈ ω1 ∩ Lim (Cγ ∗ ω1 \ F ⇒ γ ∈ F)
⇐⇒ ∀γ ∈ ω1 ∩ Lim (Cγ ∩ F is unbounded in γ ⇒ γ ∈ F ). 
The necessary and sufficient condition for (ω1, τ ( C)) to be regular is given as follows.
Lemma 1.5. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence on ω1. The following
are equivalent:
(i) (ω1, τ ( C)) is regular.
(ii) For each γ ∈ ω1 ∩Lim, there exists a ζγ < γ such that {γ }∪ (Cγ \ ζγ ) is τ( C)-closed.
Proof. Let τ = τ( C). (ii)⇒(i) is essentially proved in [2], but we shall present the proof
here for reader’s convenience. Assume (ii). First, we shall show that (δ, τ  δ) is regular
for every δ < ω1 by induction. Suppose that for every γ < δ, (γ, τ  γ ) is regular. We shall
show that (δ, τ  δ) is regular. Let γ ∈ δ and F a (τ  δ)-closed set with γ /∈ F . We shall
build two pairwise disjoint (τ  δ)-open sets U and W such that γ ∈ U and F ⊆ W . First
suppose that γ + 1 = δ. Then by inductive hypothesis, (γ + 1, τ  (γ + 1)) is regular. Thus
there exist two pairwise disjoint (τ  (γ + 1))-open sets U and W such that γ ∈ U and
F ∩ (γ + 1) ⊆ W . Let W = W ∪ (γ, δ). It is easy to see that W is (τ  δ)-open and disjoint
from U .
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it works. Suppose that γ is a limit ordinal. Since (γ, τ  γ ) is regular and countable, it is
normal. By assumption, {γ } ∪ (Cγ \ ζγ ) is (τ  γ )-closed. Since F is (τ  δ)-closed and
γ /∈ F , there exists a ζ < γ such that ζ  ζγ and (Cγ \ ζ ) ∩ F = ∅. Thus there exist
two pairwise disjoint (τ  γ )-open sets U and W such that Cγ \ ζ ⊆ U and F ⊆ W . Let
U = U ∪ {γ }. It is easy to see that U is (τ  δ)-open and disjoint from W .
Now let γ < ω1 and F a τ -closed set with γ /∈ F . Since (γ + 1, τ  (γ + 1)) is regular,
there exist two pairwise disjoint τ  (γ + 1)-open sets U and W such that γ ∈ U and
F ∩ (γ + 1) ⊆ W . Let W = W ∪ (γ,ω1). As above, we can show that U and W separate
γ and F .
For (i)⇒(ii), suppose that (ω1, τ ) is regular and let γ be the least such that there is no
ζ < γ such that {γ } ∪ (Cγ \ ζ ) is τ -closed. Then (clτ (Cγ ) \ Cγ ) ∩ γ is unbounded in γ .
Let 〈ξn: n < ω〉 be an increasing cofinal sequence in (clτ (Cγ )\Cγ )∩γ . Then {ξn: n < ω}
is τ -closed. Since (ω1, τ ) is regular, there exist two disjoint τ -open sets U and W such
that γ ∈ U and {ξn: n < ω} ⊆ W . Since U is τ -open and γ ∈ U , there exists a ζ < γ
such that Cγ \ ζ ⊆ U . Let n < ω be such that ξn > ζ . Since ξn ∈ clτ (Cγ ), there exists an
η ∈ (W \ (ζ + 1)) ∩ Cγ . But since Cγ \ ζ ⊆ U , we have η ∈ U . It contradicts that U and
W are disjoint. 
All guessing sequences we use in this paper satisfy the condition of the previous lemma
and hence the spaces associated with the sequences are regular. Since every regular, locally
countable space is zero-dimensional, the spaces are also zero-dimensional.
From the next section, we shall discuss how to add more properties to the space.
2. First-countability and locally compactness
In this section, we shall establish some combinatorial properties of a guessing sequence
which are equivalent to properties of the topological space associated with the sequence.
These lemmas will be used later.
Lemma 2.1. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence such that (ω1, τ ( C)) is
regular. Then the following are equivalent:
(i) (ω1, τ ( C)) is first-countable.
(ii) For every δ ∈ ω1 ∩ Lim, there exists a ζδ < ω1 such that if γ ∈ (Cδ \ ζδ) ∩ Lim, then
Cγ ⊆∗ Cδ .
Proof. Let τ = τ( C).
Suppose that (ii) holds. By induction on δ ∈ ω1 ∩ Lim, we shall show that {{δ} ∪ (Cδ \
ζ ): ζδ < ζ < δ and ζ /∈ Lim} is a τ -open neighborhood base of δ. By the definition of
τ , it suffices to show that {δ} ∪ (Cδ \ ζ ) is τ -open for every ζ ∈ (ζδ, δ) \ Lim. Let γ ∈
(Cδ \ ζ ) ∩ Lim. Note that since ζ is not a limit ordinal, we have ζ < γ . Since Cγ ⊆∗ Cδ ,
we have Cγ \ ε ⊆ Cδ for some ε < γ . Without loss of generality, we may assume that
ε  ζ . Then Cγ \ ε ⊆ Cδ \ ζ . Therefore Cδ \ ζ is τ -open.
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neighborhood base {Ni : i < ω} of δ. Suppose that (ii) fails at δ, i.e. there exist unboundedly
many γ ∈ Cδ ∩ Lim such that Cγ ∗ Cδ . For each i < ω, we define ξi as follows. Since Ni
is a τ -open neighborhood of δ, there exists a ζi < δ such that Cδ \ ζi ⊆ Ni . By assumption,
there exists a γi ∈ Cδ \ ζi such that Cγi ∗ Cδ . Note that since γi ∈ Ni , there exists an
εi < γi such that Cγi \ εi ⊆∗ Ni . Since Cγi ∗ Cδ , there exists a ξi ∈ Cγi \ Cδ such that
ξi  εi . Then we have ξi ∈ Ni .
Now consider X = {ξi : i < ω}. Since ξi /∈ Cδ for every i < ω, δ is not a τ -limit point
of X. However, X meets every Ni and hence δ is a τ -limit point of X. This is a contradic-
tion. 
The following lemma is well known.
Lemma 2.2. If X is a locally countable, locally compact topological space, then X is
first-countable.
The combinatorial condition of C which implies (ω1, τ ( C)) is locally compact is given
in the following lemma.
Lemma 2.3. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence such that (ω1, τ ( C)) is
regular. Then the following are equivalent:
(i) (ω1, τ ( C)) is locally compact.
(ii) For every δ ∈ ω1 ∩ Lim, there exists a ζδ < δ such that
• Cδ \ ζδ is closed in the order topology and
• for every γ ∈ (Cδ \ ζδ)∩ Lim, Cγ =∗ Cδ ∩ γ .
Proof. Let τ = τ( C).
Suppose (ii). Fix δ < ω1 and a τ -open set U with δ ∈ U . We shall construct a τ -open
neighborhood of δ which is compact and contained in U . If δ is 0 or successor, {δ} is τ -open
and compact. Suppose that δ is a limit ordinal. By assumption, there exists a ζδ < δ such
that Cδ \ζδ is closed in the order topology and for every γ ∈ (Cδ \ζδ)∩Lim, Cγ =∗ Cδ ∩γ .
We may assume that Cδ \ ζδ ⊆ U . By the proof of Lemma 2.1, if ζ ′ is a successor ordinal
with ζδ < ζ ′ < δ, then {δ} ∪ (Cδ \ ζ ′) is τ -open. Let N = {δ} ∪ (Cδ \ (ζδ + 1)). It suffices
to show that N is τ -compact. Note that N is closed in the order topology.
Let {Uα: α < κ} be a τ -open cover of N and assume that there is no finite subcover of
{Uα: α < κ}. To derive a contradiction, we shall construct an infinite decreasing sequence
〈δn: n < ω〉 of ordinals in N by induction on n. We shall also define an αn < κ at the nth
stage so that N \ δn ⊆⋃mn Uαm . Let δ0 = δ. Let α0 < κ be such that δ0 ∈ Uα0 . Let δ1 =
sup(N \Uα0). Since N is closed in the order topology, we have δ1 ∈ N . We need to show
that δ1 < δ0. Since Uα0 is τ -open, there exists an ε0 < δ0 such that {δ} ∪ (Cδ \ ε0) ⊆ Uα0 .
Since N = {δ} ∪ (Cδ \ (ζδ + 1)), we have N \Uα0 ⊆ Cδ ∩ ε0. Thus we have δ1  ε0 < δ0.
Suppose that δm for m n and αm for m< n have been defined. Then since {Uα: α < κ}
covers N , there exists an αn such that δn ∈ Uαn . Let δn+1 = sup(N \
⋃
mn Uαm). Since
N is closed in the order topology, we have δn+1 ∈ N . We shall show δn+1 < δn. If δn is
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exists an ε′n < δn such that Cδn \ ε′n ⊆ Uαn . Since δn ∈ N and δn < δ, we have δn ∈ Cδ \ ζδ .
Thus Cδn =∗ Cδ ∩ δn, i.e. there exists an ε′′n < δn such that Cδn \ ε′′n = (Cδ ∩ δn) \ ε′′n . Let
εn = max{ε′n, ε′′n}. Then (Cδ ∩ δn) \ εn = Cδn \ εn ⊆ Uαn . Therefore we have(
N \
⋃
mn
Uαm
)
\ εn ⊆
(
(N ∩ δn) \Uαn
) \ εn
⊆ ((Cδ ∩ δn) \ εn) \Uαn
⊆ (Cδn \ εn) \Uαn
= ∅.
Hence δn+1  εn < δn. It finishes the inductive construction and we produced an infinite
decreasing sequence, which is a contradiction.
Suppose (i). By Lemma 2.2, (ω1, τ ) is first-countable. By Lemma 2.1, for every δ ∈
ω1 ∩ Lim, there exists a ζ < δ such that for every γ ∈ (Cδ \ ζ ) ∩ Lim, Cγ ⊆∗ Cδ . Thus it
suffices to show that for every δ ∈ ω1 ∩Lim, there exists a ζδ < δ such that Cδ \ ζδ is closed
in the order topology and for every γ ∈ (Cδ \ ζδ)∩ Lim, Cδ ∩ γ ⊆∗ Cγ .
Fix δ ∈ ω1 ∩ Lim. Let N be a τ -compact open neighborhood of δ. Then there exists an
ε < δ such that {δ} ∪ (Cδ \ ε) ⊆ N . Without loss of generality, we may assume that for
every successor ordinal ζ ∈ (ε, δ), {δ} ∪ (Cδ \ ζ ) is τ -open. First suppose that for every
ζ < δ, Cδ \ ζ is not closed in the order topology. In particular, Cδ \ ε is not closed in the
order topology. Let γ be a limit point (in the order topology) of Cδ \ ε with γ /∈ Cδ . Let
〈ξn: n < ω〉 be an increasing cofinal sequence in (Cδ ∩ γ ) \ ε. Then {ξn: n < ω} is an
infinite τ -closed discrete subset of N . It is a contradiction.
Now suppose that for every ζ < δ, there exists a γ ∈ (Cδ \ ζ )∩Lim such that Cδ ∩γ ∗
Cγ . In particular, there exists such a γ ∈ (Cδ \ ε)∩ Lim. Let 〈ξn: n < ω〉 be an increasing
cofinal sequence in (Cδ ∩ γ ) \ (Cγ ∪ ε). Then {ξn: n < ω} is an infinite τ -closed discrete
subset of N . It is a contradiction. 
3. Construction of a first-countable, locally compact, perfectly normal,
non-realcompact space
In this section, we shall prove the following theorem.
Theorem 3.1. It is consistent with CH that there exists a locally countable, first-countable,
locally compact, perfectly normal, non-realcompact space of size ℵ1 such that the clo-
sure of every countable subset is countable. In particular, it does not contain any sub-
Ostaszewski spaces.
To this end, we build a guessing sequence 〈Cγ : γ ∈ ω1 ∩ Lim〉 via forcing such that
(ω1, τ ( C)) has these properties. The construction of the sequence is similar to the one
used in [2]. To guarantee first countability and local compactness, we make sure that the
equivalent conditions established in Lemmas 2.1 and 2.3 are satisfied. However, this makes
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Instead of relying on guessing properties, we deal with perfect normality more directly.
We also arrange that every stationary τ( C)-closed set contains a club subset of ω1, which
implies that (ω1, τ ( C)) is not realcompact. Moreover, as we observed, the closure of every
countable subset is countable and hence (ω1, τ ( C)) does not contain any sub-Ostaszewski
spaces.
First recall the following definitions.
Definition 3.2. A poset P is said to be totally proper if and only if it is proper and adds no
new reals.
Suppose that λ is a sufficiently large regular cardinal, and M is a countable elementary
substructure of 〈H(λ),∈,〉 with P ∈ M . We say that a condition p ∈ P is totally (M,P )-
generic if and only if p is (M,P )-generic and p belongs to every open dense subset of P
lying in M .
Clearly, P is totally proper if and only if for every sufficiently large regular cardinal λ,
countable elementary substructure M of 〈H(λ),∈,〉 with P ∈ M , and p ∈ P ∩M , there
exists a q  p which is totally (M,P )-generic. In order to find a totally (M,P )-generic
condition, we often use the following notion.
Definition 3.3. Let M and P be as in the previous definition. We say that a decreasing
sequence 〈pn: n < ω〉 in P is an (M,P )-generic sequence if and only if each pn belongs
to M and for every open dense subset D of P , there exists an n < ω such that pn ∈D.
For every p ∈ P ∩M , we can easily construct an (M,P )-generic sequence 〈pn: n < ω〉
with p0 = p. It is easy to see that P is totally proper if and only if for every sufficiently
large regular cardinal λ, countable elementary substructure M of 〈H(λ),∈,〉 with P ∈
M , and p ∈ P ∩ M , there exists an (M,P )-generic sequence 〈pn: n < ω〉 with p0 = p
which has a lower bound.
The following lemmas will help us prove perfect normality of (ω1, τ ( C)).
Lemma 3.4. Let D be a club subset of ω1 and X ⊆ ω1. Then there exists an increasing
sequence 〈Xn: n < ω〉 of subsets of X such that ⋃n<ω Xn = X and for every n < ω, all
limit points γ < ω1 of Xn belong to D.
Proof. Let 〈γi : i < ω1〉 be an increasing enumeration of D. Define I0 = [0, γ0) and
I1+i = [γi, γi+1) for every i < ω1. For every i < ω1, let fi : Ii ∩ X → ω be an injection.
Define Xn = {γ ∈ X: fi(γ ) n for some i < ω1}. Then clearly 〈Xn: n < ω〉 satisfies the
conclusion. 
Lemma 3.5. Let C be a guessing sequence such that (ω1, τ ( C)) is regular. If F and H
are pairwise disjoint non-stationary τ( C)-closed sets, then there exist pairwise disjoint
τ( C)-open sets U0 and U1 with F ⊆ U0 and H ⊆ U1.
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Let ξi be the (1 + i)th element of D for every i < ω1. Let I0 = [0, ξ0) and for each i < ω1,
let I1+i = (ξi, ξi+1). Note that ⋃i<ω1 Ii = ω1 \ D and hence F and H are contained in⋃
i<ω1
Ii . Moreover, (Ii, τ  Ii) is countable and regular which implies that it is normal.
Thus there exist two pairwise disjoint τ -open subsets W 0i and W 1i of Ii such that F ∩ Ii ⊆
W 0i and H ∩ Ii ⊆ W 1i for every i < ω1. Let U0 =
⋃
i<ω1
W 0i and U1 =
⋃
i<ω1
W 1i . Then it
is easy to see that U0 and U1 are as desired. 
Lemma 3.6. Let C be a guessing sequence on ω1. Suppose that (ω1, τ ( C)) is normal and
every stationary τ( C)-closed set contains a club subset of ω1. Then (ω1, τ ( C)) is perfectly
normal if and only if for every club subset D of ω1, there exists a club subset E of ω1 such
that E ⊆ D and E is τ( C)-Gδ .
Proof. Let τ = τ( C). If (ω1, τ ) is perfectly normal, then clearly every club subset of ω1
is τ -Gδ . Suppose that every stationary τ -closed set contains a club subset of ω1 and every
club subset of ω1 has a club subset which is τ -Gδ . Let F be a τ -closed set and we shall
show that F is τ -Gδ . There are 2 cases.
Case 1. F is non-stationary.
Let D be a club subset of ω1 which is disjoint from F . By Lemma 3.4, there exists an
increasing sequence 〈Fn: n < ω〉 of sets such that ⋃n<ω Fn = ω1 \F and for every n < ω,
every limit point of Fn in the order topology belongs to D. Without loss of generality, we
may assume that D ⊆ Fn. Thus it suffices to show that Fn is τ -closed for every n < ω. Let
δ be a τ -limit point of Fn. Since τ is finer than the order topology, δ is a limit point of Fn
in the order topology. By assumption, it follows that δ ∈ D ⊆ Fn. Therefore Fn is τ -closed.
Case 2. F is stationary.
By assumption, there exists a club subset D of ω1 such that D ⊆ F . Then there exists a
club subset E contained in D such that E is τ -Gδ , i.e. there exists an increasing sequence
〈Fn: n < ω〉 of τ -closed subsets such that ⋃n<ω Fn = ω1 \E. By Lemma 3.4, we can pick
an increasing sequence 〈Hn: n < ω〉 such that ⋃n<ω Hn = ω1 \ F and for every n < ω,
every limit point of Hn in the order topology belongs to E. Then we have
⋃
n<ω(Fn ∩
Hn) = ω1 \ F . It suffices to show that Fn ∩ Hn is τ -closed for every n < ω. Let δ be a
τ -limit point of Fn ∩ Hn. By the same argument as above, we can show δ ∈ E. However,
we have δ ∈ clτ (Fn ∩Hn)∩E ⊆ clτ (Fn)∩E = Fn ∩E = ∅. It is a contradiction and hence
there is no τ -limit point of Fn ∩Hn. Therefore Fn ∩Hn is τ -closed. 
Lemma 3.7. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence such that (ω1, τ ( C))
is regular. Suppose that F and H are disjoint τ( C)-closed sets, F contains a club subset
D of ω1, and D and H are separated by disjoint τ( C)-open sets. Then F and H are also
separated by disjoint τ( C)-open sets.
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disjoint τ -open sets U1 and U2 such that D ⊆ U1 and H ⊆ U2. By Lemma 3.5, there exist
pairwise disjoint τ -open sets W1 and W2 such that F \D ⊆ W1 and H ⊆ W2. Then clearly
U1 ∪W1 and U2 ∩W2 separate F and H . 
Now we shall define the countable-support iteration 〈Pα, Q˙β : α  ω2, β < ω2〉. During
the construction, we shall also define a name I˙ for a subset of ω2 such that I˙ ∩ (α + 1) is
essentially a Pα-name for every α < ω2. Let I be the interpretation of I˙ in an appropriate
extension. Assume 2ℵ0 = ℵ1 and 2ℵ1 = ℵ2. Let Q0 be defined by: q ∈ Q0 if and only if
there exists a δ < ω1 (called the height of q and denoted by ht(q)) such that q is a function
from (δ + 1)∩ Lim such that for every γ ∈ (δ + 1)∩ Lim,
(i) q(γ ) is an unbounded subset of γ ,
(ii) q(γ ) is closed in the order topology in γ , and
(iii) if ξ ∈ q(γ )∩ Lim, then q(ξ) =∗ q(γ )∩ γ .
Q0 is ordered by extension. If G ⊆ Q0 is generic, then let Cγ = q(γ ) for some (all)
q ∈ G with γ  ht(q) for every γ ∈ ω1 ∩Lim. Set C = 〈Cγ : γ ∈ ω1 ∩Lim〉 and τ( C) = τ .
By Lemmas 2.1 and 2.3, (ω1, τ ) is first-countable and locally compact. Let τ˙ be a P1-name
for τ and C˙γ a P1-name for Cγ for each γ ∈ ω1 ∩ Lim. Let 0 /∈ I .
Let 〈F˙α: 0 < α < ω2〉 be a bookkeeping of all τ -closed sets. If we are in an appropriate
extension, let Fα be the interpretation of F˙α .
Suppose that Pα has been defined and is totally proper. Let Gα ⊆ Pα be generic and
work in V [Gα]. We define a poset Qα as follows. If Fα is non-stationary, let Qα be the
trivial poset and α /∈ I . Suppose that Fα is stationary. In this case, let α ∈ I . We define Qα
to be the set of all q such that there exists a δ < ω1 such that
(i) q : δ + 1 → ω + 1,
(ii) q←{ω} ⊆ Fα ∩ Lim,
(iii) q←{ω} is closed in the order topology in δ + 1,
(iv) for every n < ω, q←n is τ -clopen, and
(v) q(δ) = ω.
We call this δ the height of q and denote by ht(q).
Let Q˙α be a name for Qα . If Gα+1 ⊆ Pα+1 is generic, define
Dα =
{
γ < ω1: p(α)(γ ) = ω for some p ∈ Gα+1
}
,
Hα,n =
{
γ < ω1: p(α)(γ ) n for some p ∈ Gα+1
}
.
Clearly Dα is closed in the order topology, and Hα,n is τ -closed for every n < ω. In case
α /∈ I , we let Dα = ω1 and Hα,n = ∅ for all n < ω. Let D˙α and H˙α,n be names for Dα and
Hα,n respectively.
We need the following lemma to show that this construction works. The technique
used in the proof was found by Foreman and Komjáth in [4] and applied by Hernández-
Hernández and the author in [2].
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Proof. Let λ be a sufficiently large regular cardinal. We go by induction on α. Clearly P1
is totally proper.
Suppose that Pα is totally proper and we shall show that Pα+1 is totally proper. First,
we need to show the following claim.
Claim 1. If p  ‘α ∈ I˙ ’ for some p ∈ Pα , then p  ‘for every club subset D of ω1, {q ∈
Q˙α: ht(q) ∈ D} is dense’.
Proof. Let Gα ⊆ Pα be generic with p ∈ Gα and work in V [Gα]. Let D be a club subset
of ω1 and q ∈ Qα . It suffices to build a q ′  q such that ht(q ′) ∈ D. Pick a limit ordinal
δ ∈ (D ∩ Fα) \ (ht(q) + 1). Let 〈δn: n < ω〉 be an increasing cofinal sequence in δ with
δ0 = ht(q). Define q ′ ∈ Pα by: ht(q ′) = δ and for every γ ∈ (δ + 1)∩ Lim,
q ′(γ )=
⎧⎨
⎩
q(γ ) if γ  ht(q),
n if δn < γ  δn+1,
ω if γ = δ.
Then it is easy to verify q ′ ∈ Qα . Clearly we have q ′  q and ht(q ′) = δ ∈ D. 
This claim implies that ω1 \Dα =⋃n<ω Hα,n in V Pα+1 .
Claim 2. Pα+1 forces that for every finite subset B of I˙ , D˙α ∩⋂β∈B D˙β is unbounded.
Proof. Suppose that p ∈ Pα+1 forces that B is a finite subset of I˙ and let ζ < ω1. Then
clearly p  α  ‘
⋂
β∈B D˙β is a club subset of ω1’. By the previous claim, p  α  ‘there
exists a q  p(α) such that ht(q) ∈ (⋂β∈B D˙β) \ ζ ’. Let p′ ∈ Pα+1 be defined by p′  α =
p  α and p′  α  ‘ht(p′(α)) ∈ (⋂β∈B D˙β) \ ζ ’. It follows that p′  ‘D˙α ∩⋂β∈B D˙β is
not bounded by ζ ’. Therefore, Pα+1 forces that D˙α ∩⋂β∈B D˙β is unbounded. 
Note that once we show that Pα+1 preserves ℵ1, the previous claim is trivial. However,
it is required to show that Pα+1 indeed preserves ℵ1.
Claim 3. Pα+1 is totally proper.
Proof. Let M be a countable elementary substructure of 〈H(λ),∈,〉 with Pα+1, F˙α ∈ M ,
δ = M ∩ ω1, and p ∈ Pα+1 ∩ M . We shall show that there exists a totally (M,Pα+1)-
generic condition p′  p. If p  ‘α ∈ I˙ ’, then there exists a p1  p with p1 ∈ M such that
p1  ‘α /∈ I˙ and hence Q˙α is trivial’. Thus by total properness of Pα , there exists a totally
(M,Pα+1)-generic condition p′  p1.
Suppose that p  ‘α ∈ I˙ ’. Let 〈pi : i < ω〉 be an (M,Pα+1)-generic sequence with
p0 = p. We shall build sequences 〈γn: n < ω〉 and 〈Wn: n < ω〉 such that for every n < ω,
pi  ‘Wn is a τ˙ -clopen neighborhood of γn with γn ∈ Wn ⊆ γn + 1’. Let 〈δn: n < ω〉 be an
increasing cofinal sequence in δ, I¯ = {β ∈ (0, α): ∃i < ω(pi  ‘β ∈ I˙ ’)}, and 〈βn: n < ω〉
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δ′n = max{δn, supm<n γm}. By the previous claim, there exists a γn ∈ (δ′n, δ) such that for
some i < ω, pi  ‘γn ∈ D˙α ∩⋂mn D˙βm ’. Since p  ‘H˙α,n ∪⋃mn H˙βm,n is disjoint
from D˙α ∩⋂mn D˙βm ’, we have pi  ‘γn /∈ H˙α,n ∪⋃mn H˙βm,n’ for every i < ω. If γn
is a successor ordinal, then let Wn = {γn}. Suppose that γn is a limit ordinal. Since p 
‘H˙α,n ∪⋃mn H˙βm,n is τ˙ -closed’, there exists a successor ordinal ζn ∈ (δ′n, γn) such that
for some i < ω, pi  ‘(C˙γn \ ζn) ∩ (H˙α,n ∪
⋃
mn H˙βm,n) = ∅’. Let Wn be such that for
some i < ω, pi  ‘Wn = C˙γn \ ζn’. In either way, for some i < ω, pi  ‘Wn ∩ (H˙α,n ∪⋃
mn H˙βm,n) = ∅’.
Define p′ ∈ Pα+1 by induction as follows. First, let
p′(0)  δ =
⋃
i<ω
pi(0),
p′(0)(δ) =
⋃
n<ω
Wn.
We claim p′  1 ∈ P1. p′(0)(δ) is clearly unbounded subset of δ. We shall show that
p′(0)(δ) is closed in δ. Suppose that γ < δ is a limit point of p′(0)(δ). Let n < ω be
the least such that γ  γn. If γ = γn, then γ ∈ Wn ⊆ p′(0)(δ). Suppose γ < γn. Then γ is
a limit point of Wn. But since Wn is not a singleton, we have pi  ‘Wn = C˙γn \ζn’ for some
i < ω. Hence Wn is closed in the order topology. Therefore, we have γ ∈ Wn ⊆ p′(0)(δ).
Let ξ ∈ p′(0)(δ) ∩ Lim. We shall show that p′(0)(ξ) =∗ p′(0)(δ) ∩ ξ . Let n < ω be
the least such that ξ  γn. If ξ = γn, then it is clear from the definition of Wn. Suppose
that ξ < γn. Then γn is a limit ordinal and for some i < ω, pi  ‘Wn = C˙γn \ ζn’. Clearly
we have ξ  ζn. Since ζn is a successor ordinal, we have ξ > ζn. Then for all i < ω with
γn  ht(pi(0)), p′(0)(ξ)\ζn = pi(0)(ξ)\ζn =∗ (pi(0)(γn)\ζn)∩ξ = Wn∩ξ = p′(0)(δ)∩
[ζn, ξ). Therefore, p′(0)(ξ) =∗ p′(0)(δ)∩ ξ .
Suppose that p′  β ′ has been defined for β ′  β . If β /∈ I¯ , then let β /∈ supp(p′). Oth-
erwise, let β ∈ supp(p′) and
p′  β  ‘p′(β) =
⋃
i<ω
pi(β)∪
{〈δ,ω〉}’.
We claim that p′  (β + 1) ∈ Pβ+1. If β /∈ I¯ , then there is nothing to prove. Suppose that
β ∈ I¯ . Then there exists an m < ω such that β = βm. Since for some i < ω, pi  ‘F˙β ∩
C˙δ ⊇ D˙β ∩ C˙δ ⊇ {γn: nm} is unbounded in δ and F˙β is τ˙ -closed’, we have p′  β  ‘δ ∈
F˙β ’. We also have for every m< n< ω, p′  β  ‘(C˙δ \ (γn + 1))∩ H˙β,n =⋃n<k<ω Wk ∩
H˙β,n = ∅’. Hence p′  β  ‘(p′(β))←n is τ˙ -closed’. When β = α, a similar argument
works.
If β is a limit ordinal and p′  β ′ ∈ Pβ ′ for every β ′ < β , then since supp(p′  β) =
{0} ∪ (I¯ ∩ β) is countable, we have p′  β ∈ Pβ . Thus we successfully built p′ ∈ Pα+1. It
is easy to see that p′ is totally (M,Pα+1)-generic. 
Therefore, we can pass successor stages. A similar argument suffices for limit
stages. 
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Lemma 3.9. Let G ⊆ P be generic. Then in V [G],
(i) every stationary τ -closed set contains a club subset of ω1,
(ii) every club subset of ω1 contains a club subset of ω1 which is τ -Gδ , and
(iii) every non-stationary τ -closed set is contained in⋃β∈B Hβ,n∪ζ for some finite subset
B of I , n < ω, and ζ < ω1.
Proof. (i) is immediate from the definition of P . To see (ii), let D be a club subset of ω1.
Then there exists an α ∈ I such that D = Fα . Thus Dα ⊆ D is a club subset. Moreover, we
have Dα = ω1 \⋃n<ω Hα,n and hence Dα is τ -Gδ .
For (iii), suppose that F is a τ -closed set which is not contained in any set of the form⋃
β∈B Hβ,n ∪ ζ for some finite subset B of I , n < ω, and ζ < ω1. We shall show that F
is stationary. Let F˙ be a P -name for F , D˙ a P -name for a club subset of ω1, and p ∈ G
a condition which forces the assumed properties of F˙ . Let M be a countable elementary
substructure of 〈H(λ),∈,〉 with P,p, F˙ , D˙, 〈H˙α,n: 0 < α < ω2, n < ω〉 ∈ M and δ =
M ∩ω1. Let 〈pi : i < ω〉 be a (M,P )-generic sequence with p0 = p. Let 〈δn: n < ω〉 be an
increasing cofinal sequence in δ, I¯ = {β ∈ (0,ω2): ∃i < ω(pi  ‘β ∈ I˙ ’)}, and 〈βn: n < ω〉
an enumeration of I¯ . We shall build four sequences 〈γn: n < ω〉, 〈Wn: n < ω〉, 〈γ ′n: n < ω〉,
and 〈W ′n: n < ω〉 as follows.
Suppose that we have defined γm, Wm, γ ′m, and W ′m for every m < n. Define δ′n =
max{δn, supm<n γ ′m}. By assumption, p  ‘F˙ 
⋃
mn H˙βm,n∪ (δ′n+1)’. Thus there exists
a γn < δ such that for some i < ω, pi  ‘γn ∈ F˙ \ (⋃mn H˙βm,n ∪ (δ′n + 1))’. If γn is a
successor ordinal, then let Wn = {γn}. Otherwise, there exists a successor ordinal ζn ∈
(δ′n, γn) such that for some i < ω, pi  ‘(C˙γn \ ζn) ∩
⋃
mn H˙βm,n = ∅’. Let Wn be such
that pi  ‘Wn = {γn} ∪ (C˙γn \ ζn)’. We clearly have p  ‘
⋂
mn D˙βm \ (γn + 1) is club’.
Then there exists a γ ′n < ω1 such that for some i < ω, pi  ‘γ ′n ∈
⋂
mn D˙βm \ (γn + 1)’.
If γ ′n is a successor ordinal, let W ′n = {γ ′n}. Otherwise, there exists a successor ordinal
ζ ′n ∈ (γn, γ ′n) such that for some i < ω, pi  ‘(C˙γ ′n \ ζ ′n) ∩
⋃
mn H˙βm,n = ∅’. Let W ′n be
such that for some i < ω, pi  ‘W ′n = {γ ′n} ∪ (C˙γ ′n \ ζ ′n)’.
We shall define p′ ∈ P by induction. Let
p′(0)  δ =
⋃
i<ω
pi(0),
p′(0)(δ) =
⋃
n<ω
(Wn ∪W ′n).
As in the previous argument, we can show p′  1 ∈ P1.
Suppose that p′  β ∈ Pβ has been defined. If β /∈ I¯ , let β /∈ supp(p′). Otherwise, define
p′  β  ‘p′(β) =
⋃
pi(β)∪
{〈δ,ω〉}’.i<ω
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that p′  ‘δ is a τ -limit point of F˙ and hence δ ∈ F˙ ∩ D˙’. Therefore, F is stationary in
V [G]. 
Let G ⊆ P be generic. We shall show that (ω1, τ ) is as we desired. For normality, let
F and H be disjoint τ -closed sets. By Lemma 3.5, we may assume that F is stationary.
By Lemma 3.9(ii), F contains a club subset D of ω1 and hence H is non-stationary. Then
by Lemma 3.9(iii), there exist a finite subset B of I , an n < ω, and a ζ < ω1 such that
H ⊆ ⋃β∈B Hβ,n ∪ (ζ + 1). Let E = (D ∩ ⋂β∈B Dβ) \ (ζ + 1), which is clearly club.
Moreover, E and
⋃
β∈B Hβ,n ∪ (ζ + 1) are disjoint. Since
⋃
β∈B Hβ,n ∪ (ζ + 1) is τ -
clopen, it means that E and H are separated by disjoint τ -open sets. By Lemma 3.7, we
can conclude that F and H can be separated by disjoint τ -open sets.
Lemmas 3.6 and 3.9 imply that (ω1, τ ) is perfectly normal. Therefore, every closed set
is a zero-set. By Lemma 3.9(i), the club filter restricted to τ -closed sets is a z-ultrafilter
with countable intersection property. Thus (ω1, τ ) is not realcompact.
4. With MA + ¬CH
In [2], it is shown to be consistent with MA + ¬CH that there exists a perfectly nor-
mal, non-realcompact space of size ℵ1. Extending this result, we shall prove the following
theorem.
Theorem 4.1. It is consistent with MA + ¬CH that there exists a locally countable, first-
countable, perfectly normal, non-realcompact space of size ℵ1.
That is, we can additionally require first-countability. It answers the question asked
in [2]. Assuming 2ℵ0 = ℵ1 and 2ℵ1 = ℵ2, we define a countable-support iteration of length
ω2 in a similar way as in the previous section. This iteration adds a guessing sequenceC such that (ω1, τ ( C)) is first-countable, perfectly normal, and non-realcompact. As in
Section 3, instead of using a guessing property, we directly force perfect normality of
(ω1, τ ( C)). Then we force with the standard poset to force MA + ¬CH. Moreover, addi-
tional examination shows that (ω1, τ ( C)) is already perfectly normal in the final model.
It is impossible to build a guessing sequence C such that (ω1, τ ( C)) witnesses Theo-
rem 4.1 and is also locally compact. The following theorem proved by Balogh in [3] refutes
the possibility to add local compactness.
Theorem 4.2. (Balogh.) If MA + ¬CH holds, then every locally countable, locally com-
pact, perfectly normal space of size ℵ1 is paracompact.
Assume 2ℵ0 = ℵ1 and 2ℵ1 = ℵ2. We shall define a countable-support iteration
〈Pα, Q˙β : α  ω2, β < ω2〉 and a name I˙ almost in the same way as in the previous
section. The only difference occurs at the 0th stage. Let Q0 be defined by: q ∈ Q0 if and
only if there exists a δ < ω1 (called the height of q and denoted by ht(q)) such that q is a
function from (δ + 1)∩ Lim such that for every γ ∈ (δ + 1)∩ Lim,
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(ii) for every ξ ∈ γ ∩ Lim, if q(ξ)∩ q(γ ) is unbounded in ξ , then ξ ∈ q(γ ), and
(iii) if ξ ∈ q(γ )∩ Lim, then q(ξ)⊆∗ q(γ ).
Q0 is ordered by extension. If we define C = 〈Cγ : γ ∈ ω1 ∩Lim〉 in the same way as in
the previous section, it is clear that (ω1, τ ( C)) is first-countable, but not locally compact.
Let D˙α and H˙α,n be defined as in the previous section.
We can show the following lemma by exactly the same method as for Lemma 3.8.
Lemma 4.3. For every α  ω2, Pα is totally proper.
Let P = Pω2 . The following lemma asserts that in V P , the same conclusions as in
Lemma 3.9 hold even after ccc extension. We could not prove this lemma if we had used
the same P as in the previous section. This is the reason why a similar argument cannot
yields a result contradictory to Balogh’s theorem.
Lemma 4.4. Let G ⊆ P be generic. In V [G], let R be a ccc poset and take G′ ⊆ R to be
generic. Then in V [G][G′],
(i) every stationary τ -closed set contains a club subset of ω1,
(ii) every club subset of ω1 contains a club subset of ω1 which is τ -Gδ , and
(iii) every non-stationary τ -closed set is contained in⋃β∈B Hβ,n∪ζ for some finite subset
B of I , n < ω, and ζ < ω1.
Before we begin the proof of this lemma, let us remark that we can prove the following
lemma by the same argument as in Lemma 3.9.
Lemma 4.5. Let G ⊆ P be generic. Then in V [G],
(i) every stationary τ -closed set contains a club subset of ω1,
(ii) every club subset of ω1 contains a club subset of ω1 which is τ -Gδ , and
(iii) every non-stationary τ -closed set is contained in⋃β∈B Hβ,n∪ζ for some finite subset
B of I , n < ω, and ζ < ω1.
Now we shall show that these properties are preserved by any ccc extension.
Proof of Lemma 4.4. Since every club subset of ω1 in V [G][G′] contains a club subset
of ω1 in V [G], (ii) is obvious.
In order to show (i) and (iii), we shall first prove the following claim. Let R˙ be a P -
names for R.
Claim 1. Suppose that p ∈ P , r˙ is a P -name for an element of R˙, and ˙˙F is a P -name for
an R˙-name for a τ -closed set such that 〈p, r˙〉 forces that there exist no finite subset B of
I , n < ω, and ζ < ω1 such that ˙˙F ⊆⋃ H˙β,n ∪ ζ . Let M be a countable elementaryβ∈B
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totally (M,P )-generic condition p′  p such that p′  ‘r˙  ‘δ is a τ -limit point of ˙˙F”.
Proof. Let 〈pi : i < ω〉 be a (M,P )-generic sequence with p0 = p. Let 〈δn: n < ω〉 be an
increasing cofinal sequence in δ, I¯ = {β ∈ (0, α): ∃i < ω(pi  ‘β ∈ I˙ ’)}, and 〈βn: n < ω〉
an enumeration of I¯ .
We shall define a sequence 〈Wn: n < ω〉 of bounded subsets of δ as follows. Sup-
pose that we have defined Wm for all m < n. Let δ′n = max{δn, sup
⋃
m<nWm}. Since
p  ‘
⋂
mn D˙βm is club’, there exists a γn < δ such that for some i < ω, pi  ‘γn ∈⋂
mn D˙βm \ (δ′n + 1)’. Moreover, since p  ‘R˙ is ccc and r˙  ‘ ˙˙F \
⋃
mn H˙βm,n is un-
bounded in ω1”, there exists a γ ′n < δ such that p  ‘r˙  ‘( ˙˙F \
⋃
mn H˙βm,n)∩ (δ′n, γ ′n] =
∅”. Without loss of generality, we may assume γ ′n  γn. Let Wn be such that for some
i < ω, pi  ‘Wn = (δ′n, γ ′n] \
⋃
mn H˙βm,n’. Then clearly for some i < ω, pi  ‘Wn is a τ˙ -
clopen set such that Wn ∩⋃mn H˙βm,n = ∅, Wn ∩⋂mn D˙βm = ∅ and r˙  ‘Wn ∩ ˙˙F = ∅”.
Define p′ ∈ P by induction. Let
p′(0)  δ =
⋃
i<ω
pi(0),
p′(0)(δ) =
⋃
n<ω
Wn.
We claim that p′  1 ∈ P1. It suffices to verify that (i)–(iii) of the definition of Q0 are
satisfied. (i) is clearly true. Since each Wn is forced to be τ˙ -closed and supWn < minWn+1
for every n < ω, (ii) also holds. Since each Wn is forced to be τ˙ -open, we can show (iii).
Thus p′  1 ∈ P1.
Suppose that p′  β has been defined for β < ω2. If β /∈ I¯ , then let β /∈ supp(p′). Other-
wise, let
p′  β  ‘p′(β) =
⋃
i<ω
pi(β)∪
{〈δ,ω〉}’.
We claim that p′  (β + 1) ∈ Pβ+1. Since β ∈ I¯ , there exists an m < ω such that β = βm.
Then for every m< n< ω, p′  β  ‘F˙β ∩Wn ⊇ D˙β ∩Wn = ∅’. Hence p′  β  ‘F˙β ∩ C˙δ
is unbounded in δ and hence δ ∈ F˙β ’. Now it suffices to show that p′  β  ‘δ is not a
τ˙ -limit point of H˙β,n’. But for every m < n  k < ω, p′  β  ‘Wk ∩ H˙β,n = ∅’. Thus
p′  β  ‘C˙δ ∩ H˙β,n is bounded in δ and hence δ is not a τ˙ -limit point of H˙β,n’.
Since supp(p′) = {0} ∪ I¯ is countable, there is no problem at limit stages. Thus we can
show p′ ∈ P . Then it is easy to see that p′ is totally (M,P )-generic. Moreover, we claim
that p′  ‘r˙  ‘δ is a τ˙ -limit point of ˙˙F ”. Let ζ < δ. Then there exists an n < ω such
that δn > ζ . It follows that min(Wn) > δn > ζ . But we have for some i < ω, pi  ‘r˙ 
‘Wn ∩ ˙˙F = ∅”. Therefore, p′  ‘r˙  (C˙δ \ ζ ) ∩ ˙˙F = ∅ and hence δ is a τ˙ -limit point of˙˙F ”. 
Claim 2. (iii) holds.
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for a τ -closed set such that p  ‘for every finite subset B of I˙ , n < ω, and ζ < ω1, r˙ 
‘
˙˙F ⋃β∈B H˙β,n ∪ ζ ”. We shall show that p′  ‘r˙  ‘ ˙˙F is stationary”. Let D˙ be a P -name
for a club subset of ω1 and let M be a countable elementary substructure of 〈H(λ),∈,〉
with P,p, R˙, r˙, ˙˙F, D˙ ∈ M and δ = M∩ω1. Then by Claim 1, there exists a totally (M,P )-
generic p′  p such that p′  ‘r˙  ‘δ is a τ˙ -limit point of ˙˙F ”. Then p′  ‘r˙  ‘δ ∈ D˙∩ ˙˙F ”.
Therefore p  ‘r˙  ‘ ˙˙F is stationary”. 
Claim 3. (i) holds.
Proof. Let p ∈ P , r˙ a P -name for an element of R˙, and ˙˙F a P -name for an R˙-name for
a stationary τ˙ -closed set. Suppose that D˙ is a P -name for a club subset of ω1 and let M
be a countable elementary substructure of 〈H(λ),∈,〉 with P,p, R˙, r˙, ˙˙F, D˙ ∈ M and
δ = M ∩ω1. Notice that since p  ‘H˙α,n is non-stationary for every α ∈ I˙ and n < ω’, we
have p  ‘for every finite subset B of I , n < ω, and ζ < ω1, r˙  ‘ ˙˙F ⋃β∈B H˙β,n ∪ ζ ”.
Then by Claim 1, there exists a totally (M,P )-generic p′  p such that p′  ‘r˙  ‘δ is
a τ˙ -limit point of ˙˙F ”. Thus p′  ‘r˙  ‘δ ∈ D˙ ∩ ˙˙F ”. Hence p′  ‘{γ < ω1: r˙  ‘γ ∈ ˙˙F ’}
is stationary’. Therefore, in V [G][G′], every stationary τ -closed set contains a stationary
τ -closed set in V [G]. But, by Lemma 4.5, every stationary τ -closed set in V [G] contains
a club subset of ω1. Thus every stationary τ -closed set contains a club subset of ω1. 
By Lemma 4.4, we can finish the proof of Theorem 4.1 as in the previous section.
5. PFA and (ω1, C)
As we have seen, there are many cases where (ω1, τ ( C)) is perfectly normal and non-
realcompact. Thus we may wonder if there always exists a guessing sequence C such
that (ω1, τ ( C)) is perfectly normal and non-realcompact, which answers Blair’s question.
Although we cannot completely reject this possibility, if we assume that each Cγ is closed
in the order topology, PFA implies that (ω1, τ ( C)) cannot be perfectly normal and non-
realcompact. In this section, we shall prove this result.
We shall begin with the following easy observation.
Lemma 5.1. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence. Suppose (ω1, τ ( C)
is a perfectly normal, non-realcompact space and F is a free z-ultrafilter with countable
intersection property. Then the following statements hold:
(i) If F ∈F is τ( C)-closed, then der
τ( C)(F ) ∈F .(ii) If D is a club subset of ω1, then D ∈F .
Proof. Let τ = τ( C).
(i) Suppose that F is τ -closed, F ∈F and derτ (F ) /∈F . Then there exists a τ -closed set
H ∈F such that H ∩derτ (F ) = ∅. Without loss of generality, we may assume that H ⊆ F .
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complete ultrafilter on H , which implies that ℵ1 is measurable. It is a contradiction.
(ii) Let D be a club subset of ω1 such that D /∈F . Since F is a z-ultrafilter, there exists
a τ -closed set F ∈ F such that F ∩ D = ∅. By Lemma 3.4, there exists an increasing
sequence 〈Fn: n < ω〉 of subsets of F such that ⋃n<ω Fn = F and for every n < ω, every
limit point of Fn in the order topology belongs to D. Thus, for every n < ω, every τ -limit
point of Fn must belong to D. However, F is a τ -closed set disjoint from D, it follows
that Fn is a τ -closed discrete set. By (i), we have Fn /∈F for every n < ω. Hence for every
n < ω, there exists an Hn ∈ F disjoint from Fn. Then, we have F ∩⋂n<ω Hn = ∅. It is a
contradiction since we assume that F has countable intersection property. 
The following lemma holds without PFA.
Lemma 5.2. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence such that (ω1, τ ( C)) is
perfectly normal and non-realcompact. Then for every club subset D of ω1, there exist a
club subset of γ ∈ ω1 such that D ∩ γ ∗ Cγ .
Proof. Suppose that S = {γ ∈ ω1 ∩ Lim: D ∩ γ ⊆∗ Cγ } is stationary. Then for each γ ∈
S, there exists a ζγ < γ such that (D ∩ γ ) \ ζγ ⊆ Cγ . By Fodor’s lemma, there exist a
stationary set T ⊆ S and a single ζ < ω1 such that for every γ ∈ T , ζγ = ζ . Let E =
lim(D) ∩ ω1. Then E is τ -closed and E ∈ F . Since (ω1, τ ) is perfectly normal, there
exists a countable family {Un: n < ω} of τ -open sets such that ⋂n<ω Un = E.
Fix n ∈ ω. For every γ ∈ Un, since Un is τ -open, there exists an η < γ such that Cγ \
η ⊆ Un. If γ > ζ , we may assume that η ζ . Then for every γ ∈ (T ∩Un) \ (ζ + 1), there
exists an η < γ such that (D ∩ γ ) \ η ⊆ Cγ \ η ⊆ Un. But since Un contains a club subset
E and T is stationary, (T ∩Un) \ (ζ + 1) is stationary in ω1. Thus there exist a stationary
set Tn ⊆ (T ∩Un) \ (ζ + 1) and an ηn < ω1 such that for every γ ∈ Tn, (D ∩ γ ) \ ηn ⊆ Un.
Therefore, we have D \ ηn ⊆ Un.
Let ηω = supn<ω ηn. Then we have D \ ηω ⊆
⋂
n<ω Un = E. It clearly contradicts E =
lim(D)∩ω1. 
Now we are ready to prove the main result in this section.
Proposition 5.3. Assume PFA. Let C = 〈Cγ : γ ∈ ω1 ∩ Lim〉 be a guessing sequence on
ω1 so that Cγ is a closed subset of γ . Then (ω1, τ ( C)) is not perfectly normal and non-
realcompact.
Proof. Suppose that (ω1, τ ( C)) is perfectly normal and non-realcompact. Let τ = τ( C).
Then there exists a free z-ultrafilter F with countable intersection property. By Lemma 5.2,
for every club subset D of ω1, there exist a club subset of γ ∈ ω1 such that D ∩ γ ∗ Cγ .
Define a poset P by: p = (s,X) ∈ P if and only if there exists an ordinal δ < ω1 such
that s : δ → ω and X is a subset of δ such that if γ is a limit point of X (γ may be δ), then
for every n < ω, there exists an ζ < γ such that s(ξ)  n for every ξ ∈ Cγ \ ζ . For each
q = (t, Y ),p = (s,X) ∈ P , we let q  p if and only if t ⊇ s, Y ⊇ X, and Y ∩ dom(s) = X.
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Proof. Let λ be a sufficiently large regular cardinal and A= 〈H(λ),∈,, C,P 〉. In addi-
tion, let ν be a sufficiently large regular cardinal compared to λ andB= 〈H(ν),∈,,A〉.
Note that for every X ⊆ H(λ), SkA(X) is definable from X inB.
Now let N be a countable elementary substructure of B. We shall show that if p ∈
N ∩P , then there exists a q  p which is (N,P )-generic. Let δ = N ∩ω1. Let {Dn: n < ω}
be an enumeration of all open dense subsets lying in N . We shall construct a decreasing se-
quence 〈pn = (sn,Xn): n < ω〉 so that pn ∈ N and pn+1 ∈Dn for every n < ω. Moreover,
we arrange that sn+1(ξ) = n for every n < ω and ξ ∈ (dom(sn+1) \ dom(sn))∩Cδ .
Let p0 = p. Suppose that we have defined pn. Let δn = dom(sn). Since SkA is de-
finable in B, there exists an increasing continuous sequence 〈Nni : i < ω1〉 ∈ N such
that P,pn,Dn ∈ Nn0 , Nni ≺ A and 〈Nnj : j  i〉 ∈ Nni+1 for every i < ω1. Let Dn =
{Nni ∩ ω1: i < ω1}. Then Dn is club and in N . By assumption, there exists a club sub-
set En of ω1 lying in N such that for every γ ∈ En, Dn ∩ γ ∗ Cγ . Hence we have
Dn ∩ δ ∗ Cδ . Thus there exists a γ ∈ Dn ∩ (δn, δ) such that γ /∈ Cδ . By the definition of
Dn, there exists an i such that Nni ∩ω1 = γ . Since γ /∈ Cδ and Cδ is closed, γ is not a limit
point of Cδ . Hence there exists a ζ < γ such that Cδ ∩[ζ, γ ) = ∅. (Remark: this is the only
place where we used Cδ is closed.) Let p′n = (s′n,X′n) be defined by: dom(s′n) = ζ + 1,
s′n  dom(sn) = sn, s′n(ξ) = n for every ξ ∈ (dom(s′n) \ dom(sn)) and X′n = Xn. Then
we have p′n ∈ P ∩ Nni and p′n  pn. Since Dn ∈ Nni , there exists a pn+1  p′n such that
pn+1 ∈ Nni ∩Dn. Then we have (dom(sn+1) \ dom(sn)) ∩ Cδ ⊆ (ζ + 1 \ dom(sn)) ∩ Cδ .
But by the definition of s′n, for every ξ ∈ (ζ + 1) \ dom(sn), sn+1(ξ) = s′n(ξ) = n. Thus
pn+1 satisfies the required condition.
Now let q = (t, Y ) be defined by: t =⋃n<ω sn and Y =⋃n<ω Xn. We claim q ∈ P .
It suffices to show that for every n < ω, there exists a ζ < δ such that t (ξ)  n for every
ξ ∈ Cδ \ ζ . Fix n < ω and let ζ = dom(sn). Then by the construction of 〈pm: m < ω〉,
if n < m < ω, then sm(ξ)  n for every ξ ∈ (dom(sm) \ ζ ) ∩ Cδ . Thus we have t (ξ)  n
for every ξ ∈ Cδ \ ζ . It is easy to see that q  p and q is (N,P )-generic. Hence P is
proper. 
For each γ < ω1, let Eγ = {(s,X) ∈ P : dom(s) > γ and sup(X) > γ }. Clearly Eγ is
open dense. By PFA, we can take a {Eγ : γ < ω1}-generic filter G ⊆ P . For each n < ω, we
define D = lim(⋃{X: (s,X) ∈ G})∩ω1 and Fn = {ξ < ω1: s(ξ) = n for some (s,X) ∈ G}
for each n < ω. It is trivial that D is club,
⋃
n<ω Fn = ω1, and for every γ ∈ D, Fn ∩ Cγ
is bounded in γ . For each n < ω, let 〈Fmn : m < ω〉 be an increasing sequence so that⋃
m<ω F
m
n = Fn and for every m < ω, every limit point of Fmn belongs to D. Then it
is easy to see that each Fmn is τ -closed discrete. But since F has countable intersection
property, there exist m,n < ω such that Fmn ∈F . It is a contradiction. 
Obviously, we may ask the following question.
Question 2. Does there always exist a guessing sequence C such that (ω1, τ ( C)) is per-
fectly normal and non-realcompact?
This is an interesting special case of Blair’s question.
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The notion of D-spaces was introduced by van Douwen in [5]. For more information
about this topological property, see [6,7]. It is defined as follows.
Definition 6.1. Let (X, τ) be a Hausdorff space. A τ -open neighborhood assignment
(ONA) is a mapping x → Nx with domain X such that each Nx is a τ -open neighbor-
hood of x. If Y is a subset of X, we define N(Y) =⋃x∈Y Nx .
X is said to be a D-space if and only if for every τ -ONA x → Nx , there exists a τ -closed
discrete subset Y of X such that N(Y) = X.
Recall that when (X, τ) is a topological space,
e(X)= sup({ℵ0} ∪ {|Y |: Y is τ -closed discrete subset of X}),
L(X)= sup({ℵ0}
∪ {min{|C′|: C′ is a subcover of C}: C is an open covering of X}).
It is easy to see that for every Hausdorff space (X, τ), if e(Y ) < L(Y ) for some τ -closed
subset Y of X, then (X, τ) is not a D-space. Since all of the known constructions of non-D-
spaces rely on this easy observation, it was asked if whenever (X, τ) satisfies e(Y ) = L(Y )
for every τ -closed subset Y of X, (X, τ) is a D-space. In this section, we shall solve this
conjecture negatively. More precisely, the following theorem will be proved.
Theorem 6.2. It is consistent that there exists a locally countable, first-countable, locally
compact, regular, Hausdorff, non-D-space X such that for every closed subspace Y of X,
e(Y ) = L(Y ).
We begin with a model of 2ℵ0 = ℵ1 and 2ℵ1 = ℵ2 and construct a countable-support
iteration 〈Pα, Q˙β : α  ω2, β < ω2〉. In the course of construction, we define a Pω2 -name
I˙ for a subset of ω2 such that I˙ ∩ (α + 1) is essentially a Pα-name for every α < ω2.
I denotes the interpretation of I˙ . We assume that Pα for every α  ω2 is proper and adds
no new real.
Let Q0 be defined by: q ∈ Q0 if and only if for some δ ∈ ω1 ∩ Lim, q is a function with
domain (δ + 1)∩ Lim such that for every γ ∈ (δ + 1)∩ Lim,
(i) q(γ ) is an unbounded subset of γ ,
(ii) q(γ ) is closed in the order topology in γ ,
(iii) if ξ ∈ q(γ )∩ Lim, then q(ξ) =∗ q(γ ).
Q0 is ordered by extension. If G′ ⊆ Q0 is generic, then for each γ ∈ ω1 ∩ Lim, we
define Cγ = q(γ ) for some q ∈ G′ with γ ∈ dom(q), and set C = 〈Cγ : γ ∈ ω1 ∩ Lim〉,
and τ = τ( C). By Lemmas 1.5, 2.1, and 2.3, (ω1, τ ) is a locally countable, first-countable,
locally compact, regular, Hausdorff space. Let C˙γ be a P1-name for Cγ for every γ ∈
ω1 ∩ Lim, and τ˙ a P1-name for τ .
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q is a function with domain δ + 1 such that for every γ ∈ dom(q), q(γ ) is a τ -open
neighborhood of γ with q(γ ) ⊆ γ + 1. If G′ ⊆ Q1 is generic over V [G1], define Nγ =
q(γ ) for some (all) q ∈ G′ such that γ ∈ dom(q). Clearly γ → Nγ is a τ -ONA. This ONA
will witness that (ω1, τ ) is not a D-space in the final model. Let Q˙1 be a P1-name for Q1
and for every γ ∈ ω1 ∩ Lim, N˙γ a P2-name for Nγ . We also let 0,1 /∈ I .
Let 〈F˙α: 2  α < ω2〉 be a bookkeeping of all unbounded τ˙ -closed subsets of ω1. In
an appropriate extension, Fα denotes the interpretations of F˙α . While we are defining the
iteration, we shall also define Pα+1-names D˙α and Y˙α such that D˙α is forced to be a club
subset of ω1 and Y˙α is forced to be a τ˙ -closed discrete subset of F˙α .
Suppose that Pα has been defined for some 2  α < ω2. Let Gα ⊆ Pα be generic and
work in V [Gα]. If for some finite subset B of I ∩ α, Fα \⋃β∈B Y˙β is bounded in ω1,
then we let Qα be the trivial poset and α /∈ I . Suppose for every finite subset B of I ∩ α,
F˙α \⋃β∈B Y˙β is unbounded in ω1. Let α ∈ I . Define Qα to be the set of all pairs 〈s, t〉
such that
(i) s is a closed bounded subset of ω1,
(ii) t is a τ -closed discrete subset of Fα ∩ (max s + 1), and
(iii) for every ξ ∈ t , Nξ ∩ s = ∅.
For q ∈ Qα , let 〈sq, tq〉 = q . For every q, q ′ ∈ Qα , let q  q ′ if sq is an end-extension
of sq ′ and tq ∩ (max sq ′ +1)= tq ′. Let Q˙α be a Pα-name for Qα . When G′ ⊆ Qα is generic
over V [Gα], we define Dα =⋃p∈G′ sp and Yα =⋃p∈G′ tp . It is easy to see that Yα is a
τ -closed discrete subset of Fα , and N(Yα)∩Dα = ∅. If α /∈ I , let Yα = ∅ and Dα = ω1. In
either case, it is clear that N(Yα)∩Dα = ∅. Let D˙α and Y˙α be Pα+1-names for Dα and Yα
respectively.
The following lemma is the key for the proof of Theorem 6.2.
Lemma 6.3. Let α ∈ [2,ω2). Then the following hold:
(i) Let M be a countable elementary substructure of 〈H(λ),∈,〉 with Pα ∈ M for some
sufficiently large regular cardinal λ, δ = M∩ω1, p ∈ Pα ∩M , and ζ < δ. Suppose that
{X˙n: n < ω} ⊆ M is a countable set of Pα-names for subsets of ω1 such that for every
n < ω, p  ‘for every finite subset B of α, X˙n \⋃β∈B Y˙β is unbounded in ω1’. Then
there exists a q  p such that q is totally (M,Pα)-generic, q  1 ‘q(1)(δ)∩ ζ = ∅’,
q  ‘δ /∈ Y˙β for every β ∈ M ∩ α’, and for every n < ω, q  ‘δ is a τ˙ -limit point of
X˙n’. In particular, Pα is totally proper.
(ii) If p  ‘α ∈ I˙ ’ for some p ∈ Pα , then p  ‘for every ζ < ω1, {q ∈ Q˙α: max tq > ζ } is
dense’. In particular, in V Pα+1 , Dα is a club subset of ω1.
Proof. We go by induction.
Claim 1. If both (i) and (ii) hold for every β < α, then (i) holds for α.
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generality, we may assume that dom(p(0)) ⊆ ζ , and p  1 ‘dom(p(1)) ⊆ ζ ’.
Let 〈pi : i < ω〉 be a (M,Pα)-generic sequence with p0 = p. Let I¯ = {β ∈ α∩M: ∃i <
ω(pi  ‘β ∈ I˙ ’)}, 〈δn: n < ω〉 an increasing cofinal sequence in δ with δ0  ζ , and
〈kn: n < ω〉 a sequence such that for every k < ω, there are infinitely many n < ω such that
k = kn. We shall build an increasing sequence 〈γn: n < ω〉 in δ lying in M and a sequence
〈Wn: n < ω〉 as follows.
Suppose that we have defined γm and Wm for every m < n. Let δ′n = max{δn,
supm<n γm}. By assumption, pi  ‘X˙kn \
⋃
mn Y˙βm is unbounded’ for every i < ω. Since
〈pi : i < ω〉 is a (M,Pα)-generic sequence, there exists a γn ∈ (δ′n, δ) such that pi 
‘γn ∈ X˙kn \
⋃
mn Y˙βm ’ for some i < ω. If γn is a successor ordinal, let Wn = {γn}.
Otherwise, since p  ‘
⋃
mn Y˙βm is τ˙ -closed discrete’, there exists a successor ordinal
ζn ∈ (δ′n, γn) such that pi  ‘(C˙γn \ ζn)∩
⋃
mn Y˙βm = ∅’ for some i < ω. Let Wn be such
that for some i < ω, pi  ‘Wn = C˙γn \ ζn’. Without loss of generality, we may assume
ζn  δ′n.
Define p′ ∈ Pα by induction. First let
p′(0)  δ =
⋃
i<ω
pi(0),
p′(0)(δ) =
⋃
n<ω
Wn,
p′  1 ‘p′(1) =
⋃
i<ω
pi(1)∪
{〈
δ, (ζ, δ)
〉}
’.
As in the previous arguments, we can show that p′  2 ∈ P2.
We will make sure supp(p′) = {0,1} ∪ I¯ . Since supp(p′) is countable, we have no
problem at limit stages. Suppose that p′  β ′ has been defined for β ′  β . If β /∈ I¯ , let
β /∈ supp(p′). If β ∈ I¯ , we let sp′(β) and tp′(β) be Pβ -names such that p′  β forces
sp
′(β) =
⋃
i<ω
spi(β) ∪ {δ},
tp
′(β) =
⋃
i<ω
tpi(β).
We claim that p′  (β + 1) ∈ Pβ+1. It suffices to show that p′  β  ‘C˙δ ∩ tp′(β) is bounded
in δ’. Since β ∈ I¯ , there exists an m < ω such that β = βm. Note that p′  β  ‘tp′(β) =
Y˙β ∩ δ’. Then by construction, for every n  m, p′  β  ‘Wn ∩ tp′(β) = Wn ∩ Y˙β = ∅’.
Therefore, p′  β  ‘(C˙δ \ δ′m)∩ tp′(β) = (
⋃
mn<ω Wn)∩ tp′(β) = ∅’. Thus p′  (β + 1) ∈
Pβ+1. It completes the proof of p′ ∈ Pα .
Since it is a lower bound of an (M,Pα)-generic sequence, p′ is totally (M,Pα)-generic.
By construction, p′  1 ‘p′(1)(δ)∩ ζ = ∅’ and for every β < α, p′  β  ‘δ /∈ Y˙β ’.
Now it suffices to show that for every k < ω, p′  ‘δ is a τ˙ -limit point of X˙k’. Let ε < δ.
Then there exists an n < ω such that k = kn and δn  ε. Then p′  ‘ε < γn ∈ X˙k ∩ C˙δ’. It
follows that p′  ‘δ is a τ˙ -limit point of X˙k’. 
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Proof. Let p0 ∈ Pα with p0  ‘α ∈ I˙ ’ and q˙0 a Pα-name such that p0  ‘q˙0 ∈ Q˙α’. Also
let ζ < ω1. There exist p1  p0 and ζ ′ < ω1 such that p1  ‘max sq˙0 = ζ ′’. Let γ =
max{ζ, ζ ′}. Since p0  ‘α ∈ I˙ ’, we have p1  ‘for every finite subset B of I˙ ∩ α, F˙α \⋃
β∈B Y˙β is unbounded in ω1’. Let M be a countable elementary substructure of 〈H(λ),∈,
〉 with Pα, Q˙α, F˙α,p1, q˙0, γ ∈ M and δ = M ∩ω1. By (i) for α, there exists an (M,Pα)-
generic condition p2  p1 such that p2  1  ‘p2(1)(δ) ∩ (γ + 1) = ∅’ and p2  ‘δ is
a τ˙ -limit point of F˙α’. Let q˙1 be a Pα-name such that p2  ‘sq˙1 = sq˙0 ∪ {δ + 1} and
t q˙1 = t q˙0 ∪ {δ}’. Then p2 ‘N˙δ ∩ sq˙1 = p2(1)(δ) ∩ s˙ q˙1 ⊆ (ζ, δ] ∩ (ζ ∪ {δ + 1}) = ∅’. It
follows that p2  ‘q˙1 ∈ Q˙α’. Therefore, p0  ‘for every ζ < ω1, {q ∈ Q˙α: max tq > ζ } is
dense’. 
Let P = Pω2 . By the previous lemma, it is easy to see that all unbounded τ -closed
discrete sets in V P are explicitly added by the forcing.
Lemma 6.4. In V P , for every τ -closed discrete set F , there exists a finite subset B of I
such that F \⋃β∈B Yβ is countable.
Proof. Let p ∈ P and suppose that F˙ is a P -name for a τ˙ -closed subset of ω1 such that
p  ‘for every finite subset B of ω2, F˙ \⋃β∈B Y˙β is unbounded’. We shall show that
there exists a p′  p which forces that F˙ is not τ˙ -closed discrete. Let M be a countable
elementary substructure of 〈H(λ),∈,〉 for some sufficiently large regular cardinal λ such
that P,p, r˙ ∈ M . Set δ = M ∩ω1. Then by Lemma 6.3, there exists a p′  p such that p′ 
‘δ is a τ˙ -limit point of F˙ ’. It follows that p′  ‘F˙ is not τ˙ -closed discrete’. 
Given these lemmas, it is easy to show Theorem 6.2.
Proof of Theorem 6.2. Let G ⊆ P be generic over V and work in V [G]. Let τ = τ( C) and
τ˙ a name for τ . First we shall show that γ → Nγ witnesses that (ω1, τ ) is not a D-space.
Let Y be a τ -closed discrete set. Then by Lemma 6.4, there exists a finite subset B of ω2
such that Y \⋃β∈B Yβ is bounded by some ζ < ω1. Then we have N(Y) ⊆ N(⋃β∈B Yβ)∪
N(ζ) ⊆⋃β∈B N(Yβ) ∪ ζ . However, by construction, for each β ∈ B , Dβ ∩ N(Yβ) = ∅.
Thus
⋂
β∈B Dβ ∩
⋃
β∈B N(Yβ) = ∅. Since each Dβ is a club subset of ω1,
⋂
β∈B Dβ is
club. Thus we can conclude N(Y) = ω1.
Now it suffices to show that for every τ -closed set F , e(F ) = L(F). If F is countable,
then clearly e(F ) = L(F) = ℵ0. Suppose that F is uncountable. Since (ω1, τ ) is locally
countable, we have L(F) = ℵ1. We shall show that there exists a τ -closed discrete subset
of F of size ℵ1. If there exists a finite subset B of ω2 such that F \⋃β∈B Yβ is countable,
then F ∩⋃β∈B Yβ is unbounded in ω1 and τ -closed discrete since it is a finite union of
τ -closed discrete sets. Otherwise, by the construction of P , there exists an α < ω2 such
that F = Fα . It follows that Yα ⊆ F is a τ -closed discrete set. Thus in either way, there
exists an unbounded τ -closed discrete subset of F . 
T. Ishiu / Topology and its Applications 153 (2006) 1476–1499 1499Because the proof is similar to the one in Section 3, one may wonder if by using the
idea of Section 4, we can obtain the model of MA + ¬CH which witnesses Theorem 6.2.
However, we do not know if it can be done.
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